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cut approach to the rectilinear distance facility location problem"

.C. Picard and H.D. Ratliff’)

1 Kolen

CT

‘icard and Ratliff recently proposed at cut approach to the rectilinear
ice facility location problem and claimed it is fundamentally different
‘he direct search approach as developed by Pritsker and Ghare, Rao,
nd Love, and Sherali and Shetty. Our objective is to show that the

ich.of Picard and Ratliff is essentially a direct search approach.

JRDS & PHRASES: Multifacility Location Theory, Minimum Cut, Direct

search approach, Cut approach.

.s paper will be submitted for publication elsewhere.




TRODUCTION

The problem we consider is that of locating n new facilities in the
when there are m existing facilities, located at coordinates (ai,bi)
=1,2,...,m, and the objective is to minimize the sum of weighted

linear distances. Let (xj,yj) (j =1,2,...,n) denote the coordinates

e new facilities. Then the problem can be formulated as

m
min z(X,Y) = ) wji{lxj—ai|-+|yj—bil} +

o~

j=1 i=1
n n
+ ) 1 v lx.-x |+ ly.-y, |},
j=1 k=g+1 X 3 kK T3k
2 0, v,, 20 for all i, j, and k (we define v,, = 0 for all j = k).

Y54 ik ik
problem can be decomposed into two independent subproblems:

n Ii‘] n n

min F(X) = z w,.|x,-a | + X Z v., |x.-x |,
j=1 i=1 J*+ 3 1 j=1 k=341 X Ik
n m n n

min G(Y) = )} ) w, ly.b, |+ } ) v. ly.-y.l.
j=1 i=1 Jt 71 1 j=1 k=341 3K 37K

We shall develop an algorithm to solve (P2). Without loss of generality
y assume that 0<a1<a2<...<am.

It is well known [2] that there exists an optimal solution to (P2)

xj € {al,az,...,am} for all j =1,2,...,n. In finding an optimal solu-
we shall restrict ourselves to the direct search approach (PRITSKER
HARE [5], RAO [6], JUEL and LOVE [3], and SHERALI and SHETTY [7]) and
e cut approach (PICARD and RATLIFF [4]). Other solution methods have
proposed by CABOT et al. [1], and WESOLOWSKY and LOVE [8, 9]. In Sec-
1 we shall discuss the direct search approach and give an efficient
ithm to solve (P2), which just like the cut approach in [4], requires
olution of at most m-1 minimum cut problems on networks with at most

ertices. In Section 2 we shall discuss the relationship between the

pproach and the direct search approach to solve (P2).




E DIRECT SEARCH APPROACH

The direct search approach can be described as follows. Start with
solution X1 with xg = akj (1 £3j £ n). Consider the set T of new faci-

s located at existing facility coordinate a, ; assume [T] = h. If there
subset S ¢ T that can be moved to an adjacent existing facility coordin-

2 1
or ) such that the new solution X2 satisfies F(X ) < F(X ),

ket OF g
that subset to the corresponding adjacent facility coordinate. Then

t this procedure wifh the solution X2.

If no such subset exists at any location we have found an optimal solu-
A justification of the algorithm can be found in the linear program-
formulation of (P2). RAO [6] has proved through the negation of various
natives that a single non-degenerate simplex pivot can only result in
>vement of a subset of new facilities at a given location to an adja-
location also coincident with some existing facility coordinate.

LI and SHETTY [7] showed that moving S to a reduces F (x!) by

k+1
. 1
)(ak+1—ak), moving S to a4 reduces F.(X ) by KS(X )(ak—ak_l), where
1 .
rgxh = T ooy O] wl v ),
jes jesS seS J J
1 :
r. (X7) = Z w,. + Z (v, +v_.) - )} w, - ) (v, *v_.),
J i Ji s Jjs sJ i Ji s Js s]
i>k k >k. i<k, k <k.
J J J s J
1 1
L (x7) = ] L&)+ )] (v v ),
jes ] JjesS jes J J
1
L.(X7) = ) w..+ ) (vi#v_ ) - ) w,. - ) (v, +v_).
j FE L < js s3] PR <
i<k, k <k. izk, k 2k,
J s ] J s 3

Che difficulty lies in establishing whether there is a subset that can
7ed to an adjacent location such that the value of the objective func-
creduces. JUEL and LOVE [3] solve this problem by checking each subset
:itly. SHERALI and SHETTY [7] solve this problem by maximizing




D(KS(Xl)) over all subsets S ¢ T using the following quadratic zer
>rmulation:
h

h h

maximize ) t.r. x1)(or £, (x1)) + YooY ottt (v, .tv..)
. iti i : . i ij i
i=1 i=1 j=1

set. ti e {0,1}, i =1,2,...,h.

>roblem can be solved by adapting an algorithm of CABOT and FRANCI
. However, Sherali and Shetty fail to observe that maximizing rS(X
11l subsets S € T is actually a minimum cut problem on a network w
artices.

FChis can be seen as follows. We have

|

rox') = T 0] wyv I v )

ji

ing S = T\S and

c= ) [ ) w.,+ ) (v, +v_)]

J1 Jjs s3]

that C is a constant which does not depend on the subsets S of T)

1 rewrite rS(Xl) as

rexy=c- [0 wo+ I (v 0]-
jes i J S J J
i>k, k >k,
J s 3




- Z L Z w_; + z (v, +v_.)] - z Z (v, +v__.).
jes i Ji s Js 83 jes seS Js sJ

i<k, k <k,
J s J

finding the subset S of T which maximizes rS(Xl) over all subsets S of

equivalent to finding the subset S of T which minimizes.

z_ e. + Z £, + z c

. 14
jes J jes J jesS seS Js
e. = ) w., ot ) (v, +v_.),
J i J s J
i>k k >k
J s 3
f. = Z w,, + z (v, +v ),
J i Ji s Js
i<k k <k
J s J
(e} =V + v

is equivalent to finding a minimum (s,t) cut in the following network.
1). We have vertices s, t and 1,2,...,h, and arcs (s,j) with capacity
=1,2,...,h), arcs (j,t) with capacity fj (3 =1,2,...,h) and arcs

(1 £3j <k £n).

of capacity Cjk

1: Network corresponding to the problem of maximizing rS(Xl) over
all subsets § of T.




As initial solution for the direct search approach both JUEL
and SHERALI and SHETTY [7] take the solution one gets by loc
acility with respect to existing facilities using the algori
ingle facility rectilinear location problem (see [2]).

Ne will give an algorithm that starts with all new facilitie

2 same existing facility coordinate aq (1 <g<m.

t Search Algorithm

[N
.

Start with all new facilities located at aq
Set i =qgq, j =q.
2: Let Xl be the current solution.

If i

m, then go to Step 3.

If i < m, then determine the subset S of the set Ti of ne
. i 1

ties located at ai such that rS(X ) = maXVSTi rV(X ).

If r (Xl) < 0, then go to Step 3. Otherwise move S to ai

S +
Set i = i+l and go to Step 2.
3: Let X be the current solution.
If j = 1, then stop; we have an optimal solution.

If j > 1, then determine the subset S of the set Tj of ne
facilities located at ay such that £g(x7) = maxy <y Ly (x7
j J

If ES(XJ) < 0, then stop; we have an optimal solution.

Otherwise move S to aj_ Set j = j-1 and go to Step 3.

1"
Before proving that this algorithm produces an optimal solut

the following observations

VATION 1: Let X1 be a given solution, and let T be the set o
2
ities located at ay - Let X be the solution resulting from X

J the subset S1 € T from a, to a41- Then the following equa

1
31U82(X ) S

£ T.

r (Xl) +r (Xz), where S, and S, are disjoint
1- 52 1 2

- x1)
S \S3 S1 3

r (Xl) + ZS (X2), where 83 is a subset of S -

1 2
VATION 2: With X" ,X ,S,,S,,S

. : 15273
x+) =£Sl(x ) +£Sz(x ), and

analogously to Observation 1 w

51US2




1y = 1y 4 2
31\53(x ) Ksl(x ) + rs3(x ).

JATION 3: Let x! be a given solution, and let T be the set of new

ities located at a - The calculation of rS(Xl) does not depend on the

L location of the new facilities, but depends only on which of these

ities have a coordinate less than or equal to ay and which have a co-

ite greater than a The calculation of KS(Xl) does not depend on the

K
L location of the new facilities but depends only on which of these
ities have a coordinate greater than or equal to ay and which have a

inate less than ak.

Ne are now ready to prove the following theorem.
iM 1. The direct search algorithm produces an optimal solution.

Suppose that in Step 2 of the algorithm a subset S of Ti has been
i+l

from a; to a, We claim that rv(X ) £ 0 for all V ¢ Ti\S and

) i+1°
+.
1) < 0 for all W ¢ S. This follows from Observation 1(a) and 1 (b),

rS(Xl) = maxVCT rV(Xl). Since both the set of new facilities which
=i

a coordinate greater than ai and the set of new facilities which have
rdinate less than or equal to a, are invariant during the algorithm

nd using Observation 3 that rV(X) = rV(Xi+1) for all solutions X suc-
3 Xi+1 in the algorithm. Similarly KW(X) = ZW(Xi+1) for all solutions
ceeding Xi+1 in the algorithm. A similar argument holds for Step 3 of
lgorithm. Therefore at the end of the algorithm no subset can be moved

adjacent location such that the value of the objective function is

ed, and we have an optimal solution. ad
CUT APPROACH

We next discuss the cut approach of PICARD and RATLIFF [4] in terms

e direct search approach.

k
ITION. Let Xk be the solution defined by xj = a, for all j. Then S is

. k k
d a maximal subset with respect to ak if rS(X ) = maxVC{1 2 n}rV(X )
= r g oo g




1. Let X be the solution defined by xj = a for all j € S, and

k 1
i = <
Yt for all j € s, {1,2,...,n}\Sl. If rv(x) < 0 for all v < 8, and
£ 0 for all W ¢ 82, then 82 is a maximal subset with respect to a -

*
. Let H be a subset of {1,2,...,n} and let X be the solution defined

. *
= ak+1 for all j € H and xj = ak otherwise. We shall show that
S F(X*). There are subsets W ¢ 82 and V ¢ S1 such that H = (S2\W) uv.
*
1 get X from X by first moving W to ap and then moving V to ak+1, or

rersa. These two movements reduce F(X) by

-a, ).

[r, (x) + £ (X) - 2 D) (v v (ay oy

JeEW sev

r, () + L (X) - 2 .Z ) (v g*tvgy) S0
JEW seV

' *
Llows that F(X) < F(X ). Since

() (2, -ay)

_ k
F(X) =F(X) -« 173

52

* k k
F(X)=FE) - rH(X )(ak+1—ak)

.lows that

rSZ(Xk) ZVrH(Xk).

.s true for all subsets H. We have proved that S, is a maximal subset

2
"espect to a, . 0

e now give an alternative proof of Theorem 1 from [4].

0 ,
M 2, XO is an optimal solution to (P2) iff S_ = {j | Xy > ak} is a

k

1l subset with respect to ak for all k=1,2,...,m-1.




Let S, be a maximal subset with respct to a

i k k
(k) be the solution defined by xgk) = ak+1 for all j € Sk and x;k) =

herwise. By Observation 3 we have

rV(X(k)) fot all v

n

rV(XO) {1,2,...,n}\Sk

ZW‘(x(k)) for all Wc s, .

0
KW(X )

Sk is a maximal subset we find using Observation 1 and 2 that
‘) < 0 for all subsets V of the set of new facilities located at ap in
nd EW(XO) < 0 for all subsets W of the set of new facilities located
+1 in Xo. By repeating this argument for all k = 1,2,...,m-1 we have
d that no subset of new facilities located at the same location can
ved to an adjacent location such that the objective function is re-
.. Hence XO is an optimal solution. Let XO be an optimal solution and

e {1,2,...,m-1} be fixed. Assume XO is given by xq = a for all

0 j ky
! -g < < - < < e < < eee <
v (=g v 1, 1 v p) where k—q< <k_1 k0 k1< kp and
..,T_l,Tl,...,Tp form a partition of {1,2,...,n}.
Let T be a subset of Sko. Then T = U€=1 %v with %V c T . Let ﬁ be a
't of {1,2,...,n}\Sk . Then W = Uq T with T c T . Let X(ko) be
0 v=1l ~-v -v -V
iolution defined by
(k) (ko)
X, = a for all j € S and x, = a otherwise.
j k0+1 k0 3 kO

O) b

0
Ls (x )< ) Ly x)
v=1 v
(k) g
rx 0y < ) orn &%)

for each k =1,2,...,m-1.




XO is an optimal solution we have £~ (XO) <0 for all v=1,2,...

0 Ty (kq)
., () <0 forallv=1,2,...,q, and therefore £z (X 0’y < 0 and
:O)) < 0. It follows from Lemma 1 that SkO is a maximal subset wit

't to ako .

Y j€§v i Ji s J Ji
i<k k_<k izk
v s v v
- z (v, +v_.) + Z E (v, *v_.).
s s sJ JeT seTV J s
k =k
s v
(ko)
L- (X )= Y L) w+ I v - ] Y31
jet i I s J i
< < i
i<k, k <k, kg
- ) (v, +v_ )1+ ) ) (v, *v_.).
s sj o
s JeT seT
ks>k0
o) 0 (ko) p b
z K‘f‘ (xX7) - 'Z,‘I‘,(X ) = Z Z Z. 2 -~ (V'S+VS') *
V=1 v v:]_ r:l jET S€T \T J J
v Y Y
r#v
) L w20
v=1 jeT i J
k0<i<k
arly
q ’ 0 (ko) q q
D org D) -r.x "=} ) ] L. vy
ve1l Ty W v=1 r=1 jeT _ seT _\T J
-v -Y Y
r#v
q
2 Z Z z w i > 0.
v=1 je'i‘ k <i<k ]
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Our direct search algorithm constructs an optimal solution satisfying
onditions of Theorem 2 in PICARD and RATLIFF [4]. Their Theorem 3 is
asy to prove by using Observation 3. We have also proved their Theorem
ce our direct search algorithm only depehds on the quantities rS(X)

S(X) which are independent of the distances between existing facilities.
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